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What Is Q? Propaganda

Reinforcement Learning

machine learning concerned with how software

% Reinforcement learning (RL) is an area of
'/E;vironment

- agents ought to take actions in an environment
i) .. . .
% g so as to maximize some notion of cumulative
Interpreter reward —Wikipedia
S (00]
%\;’\J Examples relevant to me and NREL
et AGENE @ Optimizing windfarms

@ Smart Grids

@ Smart Buildings



What Is Q? Propaganda

Reinforcement Learning

'/ % Reinforcement learning (RL) is an area of

e ——— machine learning concerned with how software
agents ought to take actions in an environment
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<§ % g so as to maximize some notion of cumulative
Interpreter reward —Wikipedia
Stat @
e\ Examples relevant to me and NREL
et AGENE @ Optimizing windfarms

@ Smart Grids
@ Smart Buildings
RL is an emerging science, evolving alongside decision and control theory:

“...as RL algorithms are increasingly and more aggressively deployed in safety
critical settings, control theorists must be part of the conversation” [22]



What Is Q? Example: climb up a hill

Dynamic Programming and RL Xpy1 = F(Xk, Ug)

Example from gym.openai.com: get up the hill efficiently

State: X}, denotes position and velocity (why?)
Input (or action): Uy is force




Xiy1 = F(Xg, Ug)

Dynamic Programming and RL

Example from gym.openai.com: get up the hill efficiently
State: X}, denotes position and velocity
Input (or action): Uy, is force
J*(z,0)
- T
J*(z) = min (X, Ug)

. Value function:
actions
k=0

30

- ¢ : cost function
T : time to reach the hill top

05005 oo 204 Velocity v
Position z 025 o



What Is Q? Example: climb up a hill

Dynamic Programming and RL Xpy1 = F(Xk, Ug)

Example from gym.openai.com: get up the hill efficiently

State: X}, denotes position and velocity

Input (or action): Uy, is force
J*(2.0)

)

Value function: J* = (X, U,
alue function (x) = aEItllloI;sZ k> Uk)

¢ : cost function

125
1,00,
-075 550

Position z

25
000
025 (=

T : time to reach the hill top

DP eqn:  J*(Xp) = I%in{c(Xg, Uo) + J*(X1)}
0

Recall Bellman or Bellman-Ford
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Dynamic Programming and RL Xpy1 = F(Xk, Ug)
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Q-learning is all about approximating Q*



What Is Q? Example: climb up a hill

Dynamic Programming and RL Xpy1 = F(Xk, Ug)

Example from gym.openai.com: get up the hill efficiently

State: X}, denotes position and velocity

Input (or action): Uy, is force
J*(2,0)

)

Value function: J* = (X, U,
alue function (x) = aEItllloIrlmz k> Uk)

¢ : cost function

125
1,00,
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Position z

25
000
025

T : time to reach the hill top

DP eqn:  J*(Xp) = I%in{c(Xo, Up) + J*(X1) }
0 N

Q*(Xo,Uo)

Q-learning is all about approximating Q*

If we know @Q*, we obtain U} = ¢*(X})



Example: heating and ventilation in a Florida office building
Control Design for Heating and Ventilation

Disturbance d
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Five dimensional state space and four dimensional input space

Joint work with N. S. Raman, P. Barooah @ UF MAE, A. Devraj @ Stanford
See final page of references, and bibliography of [17]



What Is Q? Example: heating and ventilation in a Florida office building

Control Design for Heating and Ventilation

Input: Uy, == [msa(k), oa(k), Tea(k), Tsa (k)]
@ Supply air flow rate (msq)
@ Outdoor air ratio (754)
© Conditioned air temperature (T¢,)
@ Supply air temperature (T%,)
State: Xy, :=[1.(k), W.(k), Toa(k), Woa(k), U/ (k— 1)]F
© Zone air temperature (1)
© Zone air humidity ratio (W)
© Outdoor air temperature (T,,)
@ Outdoor air humidity ratio (W)

© Control inputs from the previous time step

° ... forecast of occupancy, weather, ...

>

Zone

4 —

o air

water

water



What Is Q? Example: heating and ventilation in a Florida office building

Control Design for Heating and Ventilation

Input: Uy, == [msa(k), oa(k), Tea(k), Tsa (k)] p 5
State: /f l "
Xy = [T.(k), W.(k), Toa(k), Woa(k), U (k — 1)]T .
Quadratic basis:  + Zap Q-learning
Q% (w,u) = (x,u) "My (z,u) + (z,u) Ly + kg
S b =

Initial results are great ... | K ‘

Outdoor |
o air :



What Is Q? Example: heating and ventilation in a Florida office building

Close LOOp Response: Temperature and humidity evolution

Zone air temperature Zone air humidity ratio
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o
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— ——-Limits
60 23 —1e3 §
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0

24 Hours 24 Hours
@ Goal: Maintain temperature / humidity, and minimize energy consumption

@ Inputs: Air-flow rate, out-door air ratio, conditioned air temperature, supply
air temperature

@ Approach: Find 8* with quadratic basis:

Qe(mau) = (x,u)TMg(J:,u) + (J?,U)TLQ + k@



IETAENAYAN How to approximate Q*?

From DP to Q-learning Xip1 = F(Xg, Ug)

DP eqn:  J*(Xp) = I%in{C(X(), Uo) +J*(X1) }
0

Q*()}:),Uo)




IETAENAYAN How to approximate Q*?

From DP to Q-learning Xpoi1 = F(Xy, Up)

DP eqn:  J*(Xp) = I%in{C(X(), Uo) + J*(X1) }
O 7

Q*(Xo,Uo)

Magic: Denote Q*(z) = min, Q*(z,u) = J*(x)
— Fixed point equation for Q-function
Q*(2,u) = e, u) + J*(F(x,u)
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From DP to Q-learning Xip1 = F(Xg, Ug)

DP eqn:  J*(Xp) = I%in{C(X(), Uo) + J*(X1) }
O 7

Q*(Xo,Uo)

Magic: Denote Q*(x) = min, Q*(x,u) = J*(z)
— Fixed point equation for Q-function
Q*(z,u) = c(z,u) + J(F(z,u)) = c(z,u) + Q*(F(z,u))




IETAENAYAN How to approximate Q*?

From DP to Q-learning Xip1 = F(Xg, Ug)

DP eqn:  J*(Xp) = I%in{C(X(), Uo) + J*(X1) }
O 7

Q*(Xo,Uo)

Magic: Denote Q*(x) = min, Q*(x,u) = J*(z)
— Fixed point equation for Q-function
Q*(2,u) = e(w,u) + J* (P, u)) = clw, u) + Q*(F(z,u))

Choose approximation among {Q?(z,u) : 6 € R%}
Bellman error: %z, u) = —Q°(x,u) + c(z,u) + QY (F(x,u))
For example, 6; is a “weight” in a neural network, or

Qe(ma u) = Z 9”7[)1(1‘, u)




IETAENAYAN How to approximate Q*?

From DP to Q-learning Xip1 = F(Xg, Ug)

DP eqn:  J*(Xp) = I%in{C(X(), Uo) + J*(X1) }
O 7

Q*(Xo,Uo)

Magic: Denote Q*(x) = min, Q*(x,u) = J*(z)
— Fixed point equation for Q-function
Q*(z,u) = c(z,u) + J(F(z,u)) = c(z,u) + Q*(F(z,u))

Choose approximation among {Q?(x,u) : 6 € R%}

Bellman error: %z, u) = —Q°(x,u) + c(z,u) + Q¥ (F(x,u))

Model Free Error Representation:

E( Xk, U) = —Q% (X, Up) + (X, Ug) + Q (Xp11)




How to approximate Q7
Q(0) Learning and Deep Q-Learning

A generalization of Watkins’ algorithm [25, 7, 1]

Model Free Error Representation:
E%(Xk, Uy) = Q" (X, Uy) + c(X, Uy) + Q" (Xp11)



How to approximate Q7
Q(0) Learning and Deep Q-Learning

A generalization of Watkins’ algorithm [25, 7, 1]

Model Free Error Representation:
E%(Xk, Uy) = Q" (X, Uy) + c(X, Uy) + Q" (Xp11)

Goal: Find roots of

T
f(6) = E[CPE%(X,U)] = Jim Z CVEY ( Xy, Uy)
k:

Eligibility vector:  ({ = VoQ(Xi, Ux)  Q(0)-learning



How to approximate Q7
Q(0) Learning and Deep Q-Learning

A generalization of Watkins’ algorithm [25, 7, 1]

Model Free Error Representation:
E% (X, Ur) = =Q° (X, U) + c(Xp, Up) + Q" (Xp11)

Goal: Find roots of

ﬂ

T—o00

f(0) = Ex[¢"€"(X,U)] = lim Tgc PE (X, Us)

Eligibility vector: ¢ = VQ% (X, Uy

Design principle:
Step 1: consider an ODE: %Qt = —Gyf(0;) (matrix gain part of design)
Step 2: translate to a discrete time algorithm based on measurements.



What Is Q?

Q(0) Learning and Deep Q-Learning

A generalization of Watkins’ algorithm [25, 7, 1]

Model Free Error Representation:
EY (X3, Uy) = —Q (X3, Uy) + (X, Up) + Q% (Xp11)
Goal: Find roots of fT(@*) =0 Why?

T-1
F(0) = Ex[¢""(X, U)] = lim *ZC €% (X, Uy)

Eligibility vector: ¢! = VoQ% (X, Uy)

Design principle:

Step 1: consider an ODE: %Gt = —G1f(6;) (matrix gain part of design)
Step 2: translate to a discrete time algorithm based on measurements.

[} = = =

it
)
»
?)



How to approximate Q7
Q(0) Learning and Deep Q-Learning

T—1
f(e):hm%;czsem,m) F(6") =0 Why?

Troubles with Q: Slow! Does a root exist? Does it have significance?



How to approximate Q7
Q(0) Learning and Deep Q-Learning

=1l

f<e>:1im%;)czse<xk,m F(6") =0 Why?

Troubles with Q: Slow! Does a root exist? Does it have significance?
Batch algorithms to the rescue? [18, 19, 20, 21]
1
DQN 0, = arg min{gn(e) - 9n||2}
0 On+t1

| Tt

En(l) = — Z [ Q% (X, Up) + (X, Ug) + Q% (Xp41)]
e

2



IETAENAYAN How to approximate Q*?

Q(0) Learning and Deep Q-Learning

=1l

f(@):hm%;)czsem,m) F(6") =0 Why?

Troubles with Q: Slow! Does a root exist? Does it have significance?
Batch algorithms to the rescue? [18, 19, 20, 21]

1
DQN 0n+1 = arg mln{c‘fn(e) + 7”9 - 9n||2}
0 Q41

Thni1—1
En(0) = L Z [ Q% (X4, Uy) + (X, Uk) +Q9”(Xk+1)]2

,
" k=T,

With a linear parameterization, this is a quadratic program!



How to approximate Q7
Q(0) Learning and Deep Q-Learning

=1l

f<e>:1im%§<zse<xk,vk> F6") =0 Why?

Troubles with Q: Slow! Does a root exist? Does it have significance?
Batch algorithms to the rescue? [18, 19, 20, 21]

1
DQN 0, = arg min{gn(e) - 9n||2}
0 Ap+1

| it

En(0) = - ST QU (Xk, Ur) + e Xi, Ur) + Q% (Xps1)]?
" k=T,

With a linear parameterization, this is a quadratic program!
Sadly,
ODE approximation for DQN = Q(0) Learning

Even for neural network function approximation [M&M, 2020]
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Watkins, Speedy Q-learning,
(" Polyak-Ruppert Averaging

Convex Q-Learning



Every DP is an LP

Every control student knows this, starting with [Manne, 1960]

Proposition: [Subject to mild assumptions]
J* solves the following LP:

max (e, J)
st. J(z) <c(z,u) + J(F(x,u)), zeX, uelU(z)
J is continuous, and J(z¢) = 0.

(1t a probability measure on X (given)

@ Applications to ADP in the thesis of de Farias (with BVR) [8, 9]
@ One way to derive the SDP representation of LQR [Boyd et al]

@ Applications in deterministic control every day



Every DP s 2 QP
Every DP is an LP

Every control student knows this, starting with [Manne, 1960]

Proposition: [Subject to mild assumptions]
The pair (J*, Q") solve the following LP:

max (i, J)
st. Qz,u) < c(z,u) + J(F(z,u))
Q(z,u) > J(z), xeX, uelU(x)

J is continuous, and J(z¢) = 0.

p a probability measure on X (given)



Every DP s 2 QP
Every DP is an LP

Every control student knows this, starting with [Manne, 1960]

Proposition: [Subject to mild assumptions]
The pair (J*,Q*) solve the following LP:

max (i, J)
st. Q(z,u) < c(z,u) + J(F(x,u))
Q(z,u) > J(z), xeX, uelU(x)

J is continuous, and J(z¢) = 0.

p a probability measure on X (given)

Over-parameterization for RL more recent.

Motivation: Q(Xk, Uk) < C(Xk, Uk-) + J(Xk+1) (observed)



FETA L7
Every DP is a QP

Proposition: [Subject to mild assumptions]
The pair (J*, Q*) solve the following QP:

: . 2
min  — (. J) + (v, £)

st. 0<&(z,u):=—-Q(z,u) + c(x,u) + J(F(z,u))
Q(z,u) > J(x), xeX, uel(zx)

J is continuous, and J(z¢) = 0.

v a probability measure on X x U



AL
Every DP is a QP

Proposition: [Subject to mild assumptions]
The pair (J*, Q*) solve the following QP:

L 2
min (u, J) + k(v,E7)

st. 0<&(z,u):=—-Q(z,u) + c(x,u) + J(F(z,u))
Q(z,u) > J(x), xeX, uel(zx)

J is continuous, and J(z¢) = 0.

v a probability measure on X x U

The objective and constraints can be observed, without a model
= Long list of possible RL approximations



Every DP is a QP
Every DP is a QP = Convex Q Learning

Inain - <M7 Je) + ’%<V7 8(9)2>
st 0< —Q%Xy, Up) + c(Xp, Up) + J (Xpq1)

Qe (.QZ, u) > Je (.%') < Enforce through function architecture



Every DP is a QP
Every DP is a QP = Convex Q Learning

Inain - <M7 Je) + ’%<V7 8(9)2>
st. 0< —Q%UXy, Up) + (X, Up) + I (Xpg1) = 2,(0)>0

| Tl

an(0) = — D [~Q(Xk,Uk) + e(Xe, Up) + I (Xisn) |G
n k=T,

C,j : vector with non-negative entries



Every DP is a QP = Convex Q Learning

min (4, J) + K(v.£(0)%)

st 0< —Q% Xy, Up) + (X, Up) + I (Xpy1) = 2,(0) >0
1 Thi1—1
Zn(0) = — > QX Uk) + (X, Up) + J%(Xig1)] G
" k=T,

Tn+1fl

- 1

E0)=— > [~Q(Xk,Un) + el Xp, Up) + I (X))
" k:Tn



Every DP is a QP
Every DP is a QP = Convex Q Learning

min — (u, I + kv, £(0)2)

st. 0< —Q%(Xp, Up) + c(Xp, Up) + J)(Xpy1) = 2,(0) >0

Tp41—1
2m(0)=— > Q% (X, Up) + (X, Up) + 1% (Xpy )]
mk=Tp
y Tpy1-1 . . R
E2(0) = -~ > QU Xk Uk) + e(Xp Up) + I (Xpy1)]?
noK=T,

Convex Q Version 1.0

_ 1
Ot = argmin{ —(u, J%) + KEZ(0) = Aza(0) +
0€0 On+1

Antl = [)\n - an+12n(0n)]+

L116 — 6.2}
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Conclusions

The LP and QP characterization of DP equations gives rise to RL

algorithms that provably convergent, and for which we know what problem
we are actually solving!
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Conclusions @ 19

The LP and QP characterization of DP equations gives rise to RL

algorithms that provably convergent, and for which we know what problem
we are actually solving!

@ Extensions to stochastic control — not a big deal

@ Much more work is required to develop these algorithms for particular
applications, and to improve efficiency



Conclusions

Conclusions @ 19

The LP and QP characterization of DP equations gives rise to RL

algorithms that provably convergent, and for which we know what problem
we are actually solving!

@ Extensions to stochastic control — not a big deal

@ Much more work is required to develop these algorithms for particular
applications, and to improve efficiency

@ Extensions to Convex Policy Gradient algorithms are expected soon!



Conclusions

Conclusions @ 19

The LP and QP characterization of DP equations gives rise to RL

algorithms that provably convergent, and for which we know what problem
we are actually solving!

@ Extensions to stochastic control — not a big deal

@ Much more work is required to develop these algorithms for particular
applications, and to improve efficiency

@ Extensions to Convex Policy Gradient algorithms are expected soon!

Thank you!



Feedback Systems
Reinforcement Learning
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